INTRODUCTION
Classical circular waveguides' ring resonators 1 have been widely studied. They have been used in photonics integrated circuits and dense wavelength division multiplexing optical communication systems such as filters, add-drop couplers, and a wavelength-division multiplexer. In 2007, a square ring resonator (SRR) was studied by Hosseini and Massoud. 2 This SRR can be used as an ultracompact directional add-drop coupler between two parallel waveguides. Several years later, other authors extended the scope of this system to realize, for example, plasmon flow control in Tsplitters and waveguide cross junctions. 3 Recently in 2015, a novel surface plasmon based square-shaped ring resonator with a bending Metal-Insulator-Metal (MIM) waveguide at the optical spectral range was investigated by Yan et al. in Ref. 4 . The feature of this structure was often analyzed thanks to a finite difference in the time domain (FDTD) method and its transmission spectrum may highlight an anomaly. This anomaly was observed and explained first in Ref. 2 by suggesting a correlation between the standing waves forming in the ring at the resonance k g and the faces and corners of the ring. Although these observations and analysis seem relevant, it is possible to deepen and complete them by a modal analysis of the structure. Thus I present in this paper another interpretation of this phenomenon which relies on the multimode character of this type of structure. My analysis is based on the propagation of plasmons through the interference of two modes. These two modes result from the coupling between the waveguide bus and the resonator. Since the feature of devices at hand is linked to a plasmon resonance phenomenon, it may be successfully treated as an eigenvalue problem with specific boundary conditions, i.e., a boundary value problem. This boundary value problem is efficiently solved throughout a polynomial modal method based on Gegenbauer expansion (MMGE).
5-8 I first show that this numerical scheme allows avoidance of any uncertainties in the numerical model. A new physical analysis and interpretation of the transmission spectrum anomaly is then suggested. Figure 1 shows a typical filter based on the plasmonic filter structure. It consists of a MIM waveguide and a SRR. At the resonance wavelength k g , one expects that the fundamental mode of the MIM waveguide, whose propagation constant is denoted by c 0 , may be coupled to the ring and thus the flow of energy may be exchanged between resonator modes. By neglecting edge effects and evanescent modes contributions, the resonance condition is then written as 
STATEMENT OF THE PROBLEM
(1) k g ¼ k=n eff is the guide wavelength. n eff ¼ c 0 =k 0 denotes the effective index and k is the free space wavelength. In this equation (1) the integer n g stands for cavity mode number. k 0 ¼ 2p=k is the wave number. Referring to Eq. (1), for a given value of the integer n g only one resonance is expected. However, numerical simulations of the spectrum of the transmission of the structure reported in Fig. 2 highlight two resonances around certain values of k g . I present here an interpretation of this phenomenon which relies on the multimode character of this type of structure. My analysis is based on the propagation of plasmons through the interference of two modes, resulting from the coupling between the waveguide bus and the resonator.
POLYNOMIAL MODAL METHOD OF MIM WAVEGUIDE MODELLING
First of all we must ensure that there are no uncertainties in our polynomial numerical model. For that purpose, we are interested in the effective index c 0 =k 0 of a metal-insulatormetal waveguide, which gives us a good test of robustness of our numerical scheme. k 0 denotes the wavenumber. The dielectric is assumed to be air with relative permittivity e ¼ 1. The metal is a silver whose complex relative permittivity e silver is characterized through the Drude model
where the bulk plasma frequency x p ¼ 1:38 Â 10 16 , the dumping frequency of the oscillations C ¼ 2:73 Â 10 13 , and e 1 ¼ 3:7 ¼ e silver ðx ¼ 1Þ. x is the angular frequency. For our numerical illustration, the gap d of the waveguide is set to 50 nm. The propagation constant c 0 of the fundamental mode obeys the following dispersion relation:
Using this relation Eq. (3), the effective index c 0 =k 0 of the fundamental TM 0 for k ¼ 1161 nm is equal to Fig. 3 . The eigenvalue equation (5) eðxÞ@ 1 1 eðxÞ
is then solved in the TM polarization case and the eigenvalue corresponding to the effective index of the fundamental mode c 0 =k 0 is computed. We present in Table I corresponds to the Perfectly Matched Layer (PML), and in all the following computations, we set the PML thickness to e pml ¼ 50 nm, and its parameters v þ ig ¼ 10 À 10i. Cf. 7 for the implementation of the PML in the present polynomial modal method throughout a complex coordinates transform. An accuracy of 10 À7 is achieved for Dim ¼ 12.
MODAL ANALYSIS OF THE SRR: INTERFERENCE OF HYBRID MODES
In order to compute the transmission of the structure, throughout the polynomial modal method based on Gegenbauer polynomials G K n ðxÞ expansion, the structure is divided into nine intervals I 
x ) along the (Ox) axis with the thickness (e sub , d, e sup , e pml ).
• backward waves propagating along decreasing values of z 
and Figure 5 presents the behaviour of s 1;3 with respect to different values of the frequency (freq ¼ x=2p 2 ½2:7; 3:3 THz). The transmission jtj 2 is also reported in this figure. One can remark that the energy exchange takes place between both hybrid modes. The propagated energy is injected inside the ring cavity after passing through the coupling region where the energy is exchanged between weakly coupled hybrid modes. For certain frequencies, 296.6 THz, 301.2 THz, and 304.4 THz, these modes carry power of equal intensity and interfere destructively in the waveguide bus inducing extremely weak field in the transmission, or constructively, inducing excitation of the output port. Figures 6, 7 , and 8 present the modulus of the magnetic field Hy(x,z) at the resonance frequencies 296.6 THz, 301.2 THz, and 304.4 THz. At all these frequencies, the ring resonator is always excited, but the interference process does not cancel the field in the waveguide bus at 301.2 THz contrary to the frequencies 296.6 THz and 304.4 THz where only a weak field is induced in the transmission port. 
ELECTROMAGNETICALLY INDUCED TRANSPARENCY BEHAVIOUR OF THE SRR
Let us first consider a set of four classical oscillators coupled through a weak spring with eigen-frequencies x 1 =2p, x 2 =2p; x 3 =2p; x 4 =2p and damping constants c 1 , c 2 , c 3 , and c 4 . The coupling coefficients of these four oscillators are denoted by ij , i; j 2 f1; 2; 3; 4g. We assume that they are submitted to two driving forces with the same circular frequency x and amplitudes a 1 and a 4 . If we denote by x i ði ¼ 1; 2; 3; 4Þ the amplitudes of these oscillators, then it can be easily demonstrated that the system of differential equations describing the motion is given by
The steady-state harmonic solutions for the displacements x i ðtÞ are
It is then possible to exhibit a specific shape that combines Lorentz and Fano resonances and an interference phenomenon of some of these oscillators for suitable chosen values of the parameters of this coupled system. Figures 9, 10 , and 11 present the spectral responses jc 2 ðxÞj and jc 3 ðxÞj for different values of the parameters of c 2 and c 3 . The remaining numerical parameters are:
In Fig. 9 , c 2 ¼ c 3 ¼ 0:5, while in Fig. 10 , c 2 ¼ c 3 ¼ 0:4 and these parameters are equal to c 2 ¼ c 3 ¼ 0:3 in Fig. 11 . We remark that the shape of the curves around the interference area is essentially driven by the values of the damping constants c 2 and c 3 of oscillators 2 and 3. Therefore, the number 
of the interference area strongly depends on these damping constants.
Let us secondly consider the problem of the coupling between the MIM waveguide and the ring resonator. It is possible to highlight an analogy between the behavior of the previous four classical coupled oscillators and the anomaly observed in the case of the SRR. To do so, let us define in Eq. (13), at the bottom interface of layer 3, a local coefficient of reflection r ð3Þ 1 (resp. r Transparency (EIT) phenomenon 9,10 is well known to be linked to an interference phenomenon. This phenomenon cannot be explained through the resonance condition of Eq. (1).
CONCLUSION
In the present work, the anomaly highlighted in the transmission spectrum of a square ring resonator is well explained thanks to a modal analysis. We demonstrate that these anomalies are linked to the interferences of hybrid modes of the superstructure. These modes have been efficiently expanded on a series sum of Gegenbauer polynomials and computed as eigenfunctions of a boundary value problem. This polynomial modal method is very stable, accurate, and converges very rapidly. Our study clearly shows that the split of the resonance in the transmission spectrum is linked to an EIT phenomenon and this phenomenon cannot be well explained with the resonance condition of the cavity of the square ring resonator.
